Using the fixed point method, we investigate the stability of the system of additive, quadratic and quartic functional equations with constant coefficients in non-Archimedean normed spaces. Also, we give an example to show that some results in the stability of functional equations in (Archimedean) normed spaces are not valid in non-Archimedean normed spaces. MSC: 39B82; 46S10; 47H10
Introduction
The stability problems concerning group homomorphisms was raised by Ulam [] in  and affirmatively answered for Banach spaces by Hyers [] in the next year. Hyers' theorem was generalized by Aoki [] for additive mappings and by Rassias [] for linear mappings by considering an unbounded Cauchy difference. In , a generalization of the Rassias theorem was obtained by Găvruta [] by replacing the unbounded Cauchy difference by a general control function.
In , Radu [] proposed a new method for obtaining the existence of exact solutions and error estimations, based on the fixed point alternative (see also [, ] ).
Let (X, d) be a generalized metric space. An operator T : X → X satisfies a Lipschitz condition with the Lipschitz constant L if there exists a constant L ≥  such that d(Tx, Ty) ≤ Ld(x, y) for all x, y ∈ X. If the Lipschitz constant L is less than , then the operator T is called a strictly contractive operator. Note that the distinction between the generalized metric and the usual metric is that the range of the former is permitted to include the infinity. We recall the following theorem by Margolis and Diaz. • the sequence {T m x} is convergent to a fixed point y * of T;
• y * is the unique fixed point of
Hensel [] has introduced a normed space which does not have the Archimedean property. During the last three decades, the theory of non-Archimedean spaces has gained the interest of physicists for their research, in particular, in problems coming from quantum physics, p-adic strings and superstrings [] . Although many results in the classical normed space theory have a non-Archimedean counterpart, their proofs are different and require a rather new kind of intuition [-] .
One may note that |n| ≤  in each valuation field, every triangle is isosceles and there may be no unit vector in a non-Archimedean normed space; cf. [] . These facts show that the non-Archimedean framework is of special interest.
Definition . Let K be a field. A valuation mapping on K is a function | · | : K → R such that for any a, b ∈ K we have (i) |a| ≥  and equality holds if and only if a = ,
A field endowed with a valuation mapping will be called a valued field. If the condition (iii) in the definition of a valuation mapping is replaced with (iii) |a + b| ≤ max |a|, |b| , then the valuation | · | is said to be non-Archimedean. The condition (iii) is called the strict triangle inequality. By (ii), we have || = |-| = . Thus, by induction, it follows from (iii) that |n| ≤  for each integer n. We always assume in addition that | · | is nontrivial, i.e., that there is an a  ∈ K such that |a  | / ∈ {, }. The most important examples of nonArchimedean spaces are p-adic numbers.
Definition . Let X be a linear space over a scalar field K with a non-Archimedean nontrivial valuation | · |. A function · : X → R is a non-Archimedean norm (valuation) if it satisfies the following conditions: (NA) x =  if and only if x = ; (NA) rx = |r| x for all r ∈ K and x ∈ X; (NA) the strong triangle inequality (ultrametric); namely
Then (X, · ) is called a non-Archimedean normed space.
It follows from (NA) that 
Lee et al.
[] considered the following functional equation:
In fact, they proved that a mapping f between two real vector spaces X and Y is a solution of (.) if and only if there exists a unique symmetric bi-quadratic mapping
The bi-quadratic mapping B  is given by
Obviously, the function f (x) = ax  satisfies functional equation (.), which is called a quartic functional equation. Kang [] investigated the Hyers-Ulam stability problem for the quartic functional equation
where a, b ∈ Z\{} with a = ±, ±b. 
and the quadratic-cubic functional equations
In this paper, we investigate the Hyers-Ulam stability for the system of additive, quadratic and quartic functional equations
where a, b ∈ Z\{} with a = ±, ±b. The function f : In the rest of this paper, unless otherwise explicitly stated, we assume that X is a nonArchimedean normed space and Y is a non-Archimedean Banach space.
Approximation of heptic mappings
In this section, we investigate the Hyers-Ulam stability problem for the system of functional equations (.) in non-Archimedean Banach spaces. 
Theorem . Let s
∈ {-, } be fixed. Let φ  , φ  , φ  : X × X × X × X → [, ∞) be functions such that (x, y, z) :=   max a -s  φ  a s-  x, , a s-  y, a s-  z , a -s  φ  a s+  x, a s-  y, , a s-  z , a -+s  φ  a s+  x,for all x, y, z, x  , x  , y  , y  , z  , z  ∈ X. If f : X × X × X → Y is a mapping such that f (x, , z) = f (x, y, ) =  for all x, y, z ∈ X,andf (ax  + bx  , y, z) + f (ax  -bx  , y, z) -af (x  , y, z) ≤ φ  (x  , x  , y, z), (.) f (x, ay  + by  , z) + f (x, ay  -by  , z) -a  f (x, y  , z) -b  f (x, y  , z) ≤ φ  (x, y  , y  , z), (.) f (x, y, az  + bz  ) + f (x, y, az  -bz  ) -a  b  f (x, y, z  + z  ) + f (x, y, z  -z  ) -a  a  -b  f (x, y, z  ) + b  a  -b  f (x, y, z  ) ≤ φ  (x, y, z  , z  ) (  .  ) for all x, y, z, x  , x  , y  , y  , z  , z  ∈ X,
then there exists a unique heptic mapping T
for all x, y, z ∈ X.
Proof Putting x  = x and x  =  and replacing y, z by y, z in (.), we get
for all x, y, z ∈ X. Putting y  = y and y  =  and replacing x, z by ax, z in (.), we get
for all x, y, z ∈ X. Putting z  = z and z  =  and replacing x, y by ax, ay in (.), we get
for all x, y, z ∈ X. Thus 
for all x, y, z ∈ X. It follows from (.) that
for all x, y, z ∈ X. From the inequalities (.) and (.), we obtain
for all x, y, z ∈ X. Let S be the set of all mappings h : X × X × X → Y with h(x, , z) = h(x, y, ) =  for all x, y, z ∈ X, and let us introduce a generalized metric on S as follows:
where, as usual, inf ∅ = +∞. The proof of the fact that (S, d) is a complete generalized metric space can be found in [, ]. Now we consider the mapping J : S → S defined by for all x, y, z ∈ X. It follows from (.), (.), (.) and (.) that for all x  , x  , y  , y  , z  , z  , x, y, z ∈ X. It follows from (.), (.) and (.) that T satisfies (.). That is, T is heptic. By Theorem ., we obtain that for all x, y, z ∈ X, where we assume that 
But for each natural number n, we have
Hence, for each x  , x  , x  = , { -sn f ( sn x  ,  sn x  ,  sn x  )} is not convergent.
